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Introduction

•  





Euclidean GCD Algorithm

• Euclidean GCD 
Algorithm
function gcd(a, b) 

   if b = 0 
      return a 
   else 

return gcd(b, a mod 
b)

function gcd(a, b)   
    while b ≠ 0 

   t := b 
   b := a mod b 
   a := t 

     return a

mod operations are 
expensive

mod operations are 
expensive



Binary GCD Algorithm

• Binary GCD Algorithm
Input: integers of x > y
Output: The GCD value of x and y

             repeat
         if x is odd and y is odd then

if x  >= y then
    GCD(x, y) = GCD( (x – y)/2, y)

else
    GCD(x, y) = GCD( (y – x)/2, x)

end if
        else if x is odd and y is even then

GCD(x, y) = GCD( y/2, x)
        else if x is even and y is odd then

GCD(x, y) = GCD( x/2, y)
        else

GCD(x, y) = 2 * GCD( x/2, y/2)
      end if

     until GCD(x, y) = GCD(0, y) = y;

1-bit right shift1-bit right shift

Subtraction
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Subtraction
Comparison

Left shift



Intel Xeon Phi

4 hardware threads per core



Binary GCD on Xeon Phi

• Binary GCD is a 
sequential algorithm
– Data dependent in 

the while loop
• Auto-vectorization 

• Big Integers
– Array of 32-bit 

integers
– 2048 bits = 64 

integers

• All integer arithmetic 
operations
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Parallel Binary GCD on Xeon 
Phi

• Increase throughput on many pairs of GCD 
calculations
– Use 60 cores with 240 threads
• openmp directives to utilize all threads
#pragma omp parallel for
for (int i = 0; i < m; i++)

bn_gcd (c[i], a[i], b[i])

• Each thread carries out one pair of GCD 
calculation
– Vectorization (using VPUs)

• 1-bit right shift
• Subtraction
• Comparison
• Left shift



Right 1-bit Shift

 n n –1           

• Sequential Algorithm
for each integer in the array a from n -1 to 0

a) get least significant bit (LSB) c = (a[i] & 1) 
<< 31

a[i+1]                              a[i]
                                               c

b) shift 1-bit right of a[i];

c) logic or with previous (i + 1) LSB value c;

1

1

1 1 1 0 0 01 1 1 1 1 1 10 0 0 0 0 00 1 11 11 1 1 1 1 01 0

1 1 0 0 01 1 1 1 1 1 10 0 00 0 00 1 11 11 1 1 1 1 0110

1 1 0 0 01 1 1 1 1 1 10 0 0 0 0 00 1 11 11 1 1 1 1 0111



Parallel 1-bit Right Shift

• Parallel right 1-bit shift
– Same ideas as the sequential algorithm

• Doing 16 of 32-bit shifts at a time

       one iteration of 16 integers                     next iteration of 16 
integers

– Challenges
• Number of iterations = size of big integer/16
• The size of integer array for a big integer 

may not have size of multiple 16.
– Padding zeros

• Keep LSB values from one iterations to the 
next

nextc



Parallel 1-bit Right Shift
unsigned int prevc = 0, nextc;
for (i = n – 1; i >= 15; i -= 16)  do
    m512i t ← vec_load(a[i], a[i − 1], ..., a[i − 15]);      _mm512_load_epi32 

    m512i cbits ← vec((t and 1) << 31); {all LSBs}      
_mm512_and_epi32            nextc ← cbits[0]; {LSB for next iteration}  
   _mm512_mask_reduce_add_epi32

    cbits←vec shift element right(cbits,1);                    
_mm512_permutevar_epi32 

    ⇑ {move LSB from n to n − 1 element} 
    cbits[15] ← prevc; {LSB from the prev iteration}  

 _mm512_mask_add_epi32(prevc, 
cbits…)

    t ← vec shift(t >> 1); {shift each integer}                
_mm512_srli_epi32(t, 1);    

    t ← vec logic(t or cbits); {LSB from left integer}    
_mm512_or_epi32(t, cbits)

    prevc ← nextc; 
    M ← vec store(t);        _mm512_store_epi32 

  end for 

1-51-5 1414 1313 22 11 00

1414 1313 1212 11 00 nextcprevc

cbits



Subtraction



Experimental Setup
• 4 different settings

– Sequential binary algorithm on a single CPU core
– OpenMP utilizing 16 CPU cores
– OpenMP utilizing 240 Xeon Phi Threads using non-vectorized 

algorithms
– OpenMP utilizing 240 Xeon Phi Threads using vectorized 

algorithms

• Openssl-1.1-e
– bn library

• Intel icc 13.0. 
– Compiler flag “–O3 –mmic” for Xeon Phi (Native Mode)
– Compiler flag “-O3” for host CPUs

• Host
– Dual 8-core Sandy Bridge CPUs (E5-2650 @2.00 GHz)

• Xeon Phi 7100P have 61 cores running at 1.238 GHz
– Use 60 cores

• Randomly generated 2 arrays of big integers



GCD Calculation Time



Speedups due to 
vectorization



Speedups over CPUs



Conclusions

• Two level parallelism applied to GCD calculations 
for big integers
– OpenMP utilizing all cores
– Vectorization utilizing VPUs
– Speedup of 30 over a single core CPU
– Speedup of 2 over 16 CPU cores
– Speedup of 2 over non-vectorized GCD on a 

Xeon Phi
• Xeon Phi is a viable high performance computing 

platform for integer arithmetic calculations as 
well as for floating point computations.


	Slide 1
	Slide 2
	Slide 3
	Organization
	Introduction
	Slide 6
	Euclidean GCD Algorithm
	Binary GCD Algorithm
	Intel Xeon Phi
	Binary GCD on Xeon Phi
	Parallel Binary GCD on Xeon Phi
	Right 1-bit Shift
	Parallel 1-bit Right Shift
	Parallel 1-bit Right Shift
	Subtraction
	Experimental Setup
	GCD Calculation Time
	Speedups due to vectorization
	Speedups over CPUs
	Conclusions

